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Note

Closed Expressions for Some Useful Integrals
Involving Legendre Functions and Sum Rules
for Zeroes of Bessel Functions

1. INTRODUCTION

In Ref. [1] closed analytical expressions were obtained for a number of useful
sums and integrals involving Legendre functions. The key point of the method was
a comparison of magnetic vector-potential components for the toroidal solenoid
derived by different methods (but for the same gauge and boundary conditions).
Their coincidence stems from a well-known theorem (see, e.g., [2]) according to
which a harmonic function (the difference of two solutions of the same Poisson
equation is such a function) that is equal to zero at infinity (the vector-potentials of
Ref. [1] satisfy this condition) is identically equal to zero. This trick (i.e., the con-
struction of new relations between special functions by comparing the solutions of
the same equations derived by different methods) is not new. Examples of this type
may be found in a well-known treatice on Bessel functions [3].

The present treatment is similar to [1] and is organized as follows. In Section 2
we consider three different integral representations of the same function. By com-
paring them we obtain integrals involving Legendre functions in closed form. In
Section 3 we study how eigenvalues of the Schrodinger equation change when the
vector potential A #0 (but H=rot A=0) is switched on in a simply connected
space region. According to the theory (see, e.g., [4]) in the simply connected
region the cigenvalues for A # 0 should be the same as those for A =0. Evaluating
the second-order terms of the perturbation theory (PT) and equating them to zero
we obtain the sum rules for zeroes of Bessel functions of integer and semi-integer
orders. We have not found these expressions in mathematical handbooks, treatises,
and original publications (see, e.g., [3, 5-7]).

2. CLOSED EXPRESSIONS FOR SOME INTEGRALS INVOLVING LEGENDRE FUNCTIONS

2.1. In Ref. [8] a functions a which connected the vector-potential of the
toroidal solenoid in different gauges was used. It is defined by the double integral

_Lrrdxydy,
a(p,z)_zj e (2.1)
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The integration in (2.1) is performed inside a circle of radius a lying in the z=0

plane: 0<p, <a, 0< ¢, <2 For this function in [8], the three different integral
representations

P 2 2 2
a=n(,/z2+a2—|z|)—\/2j d—x-Qm(t) <t=iﬂ> (22)
0

2ax
1 a 2 2 2
a=$f0 Sxdx-Q_1al) (y=”2xT+") (23)

=./chp—cosf Y a,u)-cosnb (2.4)
n=0

were obtained. The variables u, ¢ in (2.4) are toroidal coordinates connected with
the cylindrical coordinates as follows:

sh u _ sin 6

g ShH —a—27 0 , —n<f<n). (25
achy—cos@’ z achu——cos() (O<p<co, —m<f<m). (25)

The function «,(u) is equal to

2a . chu  dx
o) =g (=1 Qurateh [ G P at)
o d
P ptehin [ 0, 1t | 26)

(P, and @, are the Legendre functions of the first and second kind, respectively.)

2.2, Set u=0in (2.4). In accordance with (2.5) we should take p =01n (2.2).
Equating (2.2) and (2.4) results in

(/2> +a’—|z|)=+/1—cos 0 i ,(0) - cos né. (2.7)
n=0

Substitute z=(asin 8)/(1 —cos 8) in (2.7), divide both sides by /1 —cos 8, and
integrate over 6 to obtain

®  dx — 1) pu2 d )
L (1+x )3/2 Qe 1/2(X)_(\/£)J 9 -COS 2n¢ <(P=§0>' (2.8)

—n2 1 4+cos @
The integral on the r.h.s. of (2.8) is easily evaluated. Thus,
n 1 )k

N dx ”n n (—
J'n (1+x)3/2Q" 1/2(X)-f|:l—nn-(—1) —4n-(—1) kglzk—_l]. (2.9)
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In particular cases,
© dx
L (1 +x)3/2 Q_1n(x)=V/2,

jloo (1+x )3/2 Qx/z(x)-—\/i (n—3),

*  dx
J (1+x)3/2Q3/2 *)= f<—_2”)

Using the Whipple relation between the Legendre functions, one may transform
(2.9) to the form

u 3
[ duexp(=3u) P otch )

—(=1)"-nn—4n-(—1)" Z (_l)k] (2.10)
Z2k—1] ‘

_L__l_.[l
CJalG=n)

2.3. Equating (2.2) and (2.3) one obtains the following relation between the
integrals involving Legendre functions:

’d 1 a
n(/Z+a -1z~ a | ——fime(r)=—ﬁ | Vrar0 a0 @i

Taking the limits p — o0 and a — oo and differentiating the expressions obtained we
get explicit expressions for the integrals

© dx L s B
L \/;Ql/z(t) \/.(./z +at—|z]),

5/2

J, Vraxgian=—"

na*?

de—x—*—~1 QLip(t)= ———

o Jxi o1 " El
dx 1 1 z°+x"+a

J0 x3 2 Qm 7r\/—<\/z +a? H) (t= 2ax )

A change of variables transforms these integrals into known integrals (see, e.g.,
[5]). Put p=a, z=01in (2.11). This gives

_f dx[ Qm(”x>+\/’Q 1/2<1;x>]. (2.12)

We have not found epressions (2.9)-(2.12) in the mathematical literature.
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3. SuM RULES FOR THE ZEROES OF THE BESSEL FUNCTIONS

3.1. Consider an infinite cylinder C of radius R. Let its axis coincide with the
zaxis: p=./x’+ y*=R, — 0 <z < oo. We are interested in the eigenfunctions and
cigenvalues of the free Schrodinger equation inside this cylinder. The following
boundary condition is imposed on the eigenfunction: ¥ =0 for p = R. The eigen-
functions and eigenvalues are equal to (see any textbook on mathematical physics
or quantum mechanics)

qlr(:ls = Cms‘]m (Ams %) " exP(im(P)’

31
. (3.1)

E° =
ms 2uR2

2
A2

Here u is the mass of a particle moving inside C, m is its angular momentum, A,
is an sth nonzero root of the equations J,,(x)=0. Finally, C,,, is the normalizing
constant: C, = (1/R \/;)[—Jm, (A1) I 4 1(A,m) 12, For simplicity (and without
loss of generality) we limited ourselves in (3.1) to motion in the z=0 plane.

Now install outside C an infinite cylindrical solenoid with magnetic flux &. Let
its axis be parallel to the z axis and pass through the point x =4, y =0. Outside the
solenoid the strength H of the magnetic field equals zero, while the vector-potential
A (H=rot A) differs from zero:

D ¥ 4 _ @ x—a
2ny* 4+ (x —a)?¥ Y2yt 4+ (x—a)

=

(3.2)

Does the presence of a nonzero A inside C change the energy levels EJ ? We note
that the space accessible for particles (the interior of C) is simply connected, there
is no path along which § 4, d/#0. The theory (see, e.g., [4] says that in such a
situation there should be no observable effects. In particular, eigenvalues of the
Schrodinger equation — (4%/2u)(V — (iefic) A)* ¥ = EYW with nonzero A given by
(3.2) should coincide with E°_ defined by (3.1). This is true for any value of the
dimensionless parameter y = ed/fic. This means that in the particular perturbation
expansion in y (H=Hy+H,+H,, ¥,,= P2 + VL +P2+ -, Epy=Ep +
E! + E2 + ---) the corrections to E%_ should vanish separately for each order in
7. In the first-order PT one has E} = (¥° | H, |¥2.>, H,= (2ie/hc) AV. From the
expansion in the angular variable 7,

P I .
A, = 2 Y exp(—pun)-sin ng,

. n: (p=/x*+yexpu=a/p), (33)
A,= —z— ) exp(—pun)-cosng

27p

n=1
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it follows at once that the equation E_ =0 is satisfied automatically. In the second-
order PT one obtains for the eigenvalues

E2 =(¥° | H, |¥V®° >+Z|<Wr?s’| H, lqlr(:ls>|2‘

ES —EQ,
€2
<H2 = A2>.

It follows from (3.4) that E2_ does not vanish trivially. The substitution of the
unperturbed eigenfunctions (3.1) and vector-potentials (3.3) in (3.4) leads to cum-
bersome relations between the radial integrals. Fortunately, they are simplified for
R <a (ie., when the radius of the available cylindrical cavity is small). Thus,

2unla? 1 A2 . A2,
_/;naz E,2'15=——A,ZMZ . m+1,s 5 3+ > m—1,s — |-
h* 4y 4 (A -4, —A4..)

m+ 1,5

ns’

(3.4)

s m—1,s

(It should be recalled that A,,; is an sth nonzero root of the equation J,,(x)=0).
The requirement that E2_vanish suggests the following sum rule for the zeroes of
Bessel functions:

1 __Z A3n+'l,s' +Z Afn——l,s’ (3 5)
4Ar2ns_ s’ (Ar2n+l,s’—A3ns)3 s (Ar2n~1,s'_A73s)3' '

This expression is simplified for m =0,

| s 4
8‘/1(2).9_ (A%s'—'A(z)s)a.

5

(3.6)

3.2. Let the space available for particles be a sphere S of radius R (i.e.,
inside the sphere the eigenfunctions satisfy the free Schrodinger equation with
boundary condition ¥(r= R)=0). Installing outside the sphere a cylindrical
solenoid we create inside S a magnetic. field with H=0, but A#0. The space
accessible for particles is simply connected. Thus the existence of a nonzero A inside
S should not change the energy levels. Thus, we require the energy shift to vanish
in each order of PT in the parameter y = e/fic. The corrections of the first order
vanish automatically. In the second-order correction one obtains the two nontrivial
sum rules

2143 wl, |,
L E R ot £33 Y S, 1>0), 3.7
6o} Lli-ul,,y 70 G
21—1 w?®

=Y 3 (I1=1). (3.8)

> =
léw; *
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Here w,, is an sth root of the equation J,, ;,(x)=0. For /=0, 1, one finds

i_l_= __Z wi\“ 1 =Z CU(Z)S/ .
16 w(z)s (w(z)s_w%s’)z" 160)%: (0‘)%3_0‘)(2)3’)3

s s’

As mentioned earlier, we have not found these expressions in the mathematical
literature.

4. CONCLUSION

It is astonishing how closely mathematical and physical aspects are intermixed in
some problems. For example, a rather abstract quantum-mechanical principle (non-
observability of certain physical effects in simply connected space regions) generates
nontrivial relations between the zeroes of Bessel functions. There is no doubt that
once these relations have been derived, they will be obtained later without reliance
on the physical aspects. This is confirmed by consideration of the two integrals (as
suggested by one of the referees)

L La@PE), L ha P,
dInile, J(z) O(z) ° 2mile, J(z) Q'(z)

Here Cy is a circle of radius R; P, P’, Q, and Q' are polynomials in z. If P/Q and
P’/Q’ go to zero, like |z| =2 (or faster), then the integral over C, vanishes as R — co.
According to Cauchy’s residue theorem

Y Res

J, P

P(sz)
Z _—J:—é_,,

_ Jv+l £ P’(sz) -
0 2 L Res

U, 0 400

where the sums on the r.h.s. are taken over the zeroes of Q and Q' and z,, are non-
zero roots of the equation J,(z)=0. For P=P'=2%, 0=(z"-22_,)) Q'=

(z =z}, .,)’, one obtains

2
2,

2(2 2 )3=$

sz'_zvil,s

v

3 .
Szvi 1,5

In this equation and in the equations given below the sum is taken over the positive
zeroes. For v=m and v=/+ 1 these equations transform into those obtained in the
previous section. Other choices of P and Q are also interesting. For example,

—p = _ 2 2 r__ .2 2
P=P =1, QO=z"—z,_, Q' =z"—-z,,,,
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P=P,222a Qz(zz_zzAl,s)z’ Q,=(22_23+1,s)2

s % 1
(ng’_zetl,s)z 4’

P=pP =1, Q=(22_Zi-l,s)2’ Ql=(22—22 . )2

P=P'=1, Q=(22—23;]’s)3’ Q/=(Z —23+1,s)3

5 1 B 1 |:1+v<1 1 _
(ng'_zﬁil,s):;_ Ztil,c 4_ 8 Ziil,x ’
P=P'=z, Q=(-z_,) Q@=(-z,,)

+

v—1,5 v+ 1,s
¥ z8, _2Fv
2 2 - :
(sz/_zvil,s)3 8

An extensive use of residue calculus for deducing previously unknown sums may
be found in a very interesting reference [9].

Addendum. Having been acquainted with a preprint version of this manuscript, Prof. Krupnikov
E. D. (Novosibirsk State University) succeeded in deriving Eq. (2.12) without appeal to the physical
considerations. In fact, he proved (private communication) that

_[1 o, <1+x)d Ay 1

0 TG+v) v

For v= 11 this gives:

t 1
'[ x2Qpdx=n-2, f x2Q _ pdx=2.
0 0

Their adding leads to Eq. (2.12).
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